Abstract. We prove the following theorems:
Definition 2. We call a family A an AF C -cofinal if for every perfect set D and every F σ -set F with the property that for any t ∈ R (2 ω ), (F + t) ∩ D is meager in the relative topology of D, there is in A an F σ -set F containing F, so that for each t ∈ R (2 ω ), (F + t) ∩ D is meager in the relative topology of D.
Lemma 2. Suppose that in R (2 ω ) there is a Q -set of cardinality ω 1 and that there is an AF C -cofinal family A of cardinality ω 1 . Then there exists a Q -set of cardinality ω 1 which is not a member of AF C .
Proof. We use analogous arguments to Theorem 2 from [R] . Suppose that C, D are disjoint, perfect (compact) subsets of R that are linearly independent over the rationals [vN] . Without loss of generality we may assume that there exists a Qset X of cardinality ω 1 included in C. Choose a family A and let {A x } x∈X be its enumeration. For each x ∈ X pick y x ∈ D + x satisfying y x ∈ A x if this is possible. If not, let y x be any element of D + x. Clearly, Y = {y x : x ∈ X} is a Q -set and if Y ⊆ A x for some x ∈ X, then D ⊆ A x − x which proves that Y is not an AF C set. To prove Lemma 2 for subsets of 2 ω , we need the following Claim.
Proof. We construct trees T, T by induction. Suppose that T n , T n ⊆ {s : s ∈ 2 n } are given. Choose any k ≥ 3 and different t 1 , t 2 , t 1 , t 2 ∈ 2 k such that t 1 +t 2 = t 1 +t 2 . Then put
From now on we assume that all sets we deal with are included in 2 ω and for s ∈ 2 <ω we define a basic clopen set [s] = {x ∈ 2 ω : s ⊆ x}.
Lemma 3. Assume that F is a closed set with the property that for any
Proof. For each t ∈ 2 ω find an open U t with t ∈ U t and F t , a clopen set containing
Corollary 1. Suppose that F is a closed set such that for every t ∈ 2 ω and every
Proof. Apply Lemma 3.
To prove the main theorem of this part we recall the following notion of forcing introduced by Judah and Shelah in [JS] .
Definition 3. We say thatĀ = a i , A i : i < ω 1 is a suitable sequence of infinite subsets of ω if and only if:
Definition 4. IfĀ = a i , A i : i < ω 1 is a suitable sequence and X ⊆ ω 1 , we define the notion of forcing P (Ā, X) as follows: h ∈ P (Ā, X) if and only if
3) for every j < i 0 , where i 0 is the minimal ordinal (depending on h) such that dom(h) ⊆ * A i0 , we have that
We order P (Ā, X) by the reverse inclusion.
In the following lemma we identify elements of [ω] ω with their characteristic functions.
Lemma 4. Suppose that M is a model of ZFC and G is an M -generic filter in
Proof. Notice that g = {h : h ∈ G} is a function with dom(g) ⊆ ω. Also, for each α < β < ω 1 and any h ∈ P (Ā, X) such that α is the minimal ordinal with dom(h) ⊆ * A α , we can find h ⊇ h, h ∈ P (Ā, X), so that β is the minimal ordinal with dom(h ) ⊆ * A β (see Lemma 1.3 of [JS] ). Thus, by the standard density argument, i ∈ X if and only if
where each sequence a i , A i : i < j satisfies conditions 1) -3) from Definition 3. We order P 0 by the reverse inclusion.
Definition 5. Let P ω2 = P i ,Ṗ i : i < ω 2 be the countable support iteration of forcings, so that:
whereȦ is a P 0 -name for a suitable sequence added by a generic filter in
Theorem 1. Suppose that M is a model of ZFC + GCH and let
we have that there exists a Q -set which is not an AF C set.
Proof. LetĀ = a i , A i : i < ω 1 be a suitable sequence added by G 0 , an M -generic filter in P 0 . Clearly, {a i : i < ω 1 } is a Q -set in 2 ω (see Lemma 4). The forcing P ω2 is proper, hence ω 1 is preserved (see Theorem 1.6 (b) of [JS] ). Thus, it suffices to show that in M [G] there exists a family A defined in Lemma 2. By the standard fusion argument we may assume that we essentially use a two-step iteration of the form P 0 * P (Ȧ,Ẋ), where
and P (Ȧ,Ẋ) is a name for a notion of forcing as in Definition 4 (see the proof of Theorem 1.6 (b) in [JS] ).
Claim 2. Let [s] be a (relative) basic clopen set in a perfect set D. Given a condition p ∈ P 0 * P (Ȧ,Ẋ) of the form p = p(0) * h and a finite set u ⊆ ω with the property that
and such that p Ḟ is closed and for any t and every r ∈ 2
we can find a closed set F ∈ M and a condition p ≤ p of the form
Proof. Let {u n } n≤2 |u| be an enumeration of all 0-1 functions with the domain equal to u. By induction define a sequence
|n| with the properties (use absoluteness of Corollary 1 relativised to D):
where each F n is a clopen set and F n−1 ⊆ F n .
Then put p = p k (0) * h k with k = 2 |u| and define F = F k .
Claim 3. Suppose that D is a perfect set and p
Ḟ is closed and for every t, (Ḟ + t) is nowhere dense in the relative topology of D.
Then there exists a closed set F , F ∈ M , and a condition p ≤ p, so that p
Ḟ ⊆ F and for each t, (F + t) ∩ D is nowhere dense in the relative topology of D.
Proof. Let [s n ] n∈ω be an enumeration of basic clopen sets in D. For every n ∈ ω, use Claim 2 to define inductively p n , u n , F n ∈ M satisfying:
, is a sequence of finite subsets of ω and
Let a j , A j : j < sup n∈ω j n be such that for any n ∈ ω, p n (0) is an initial segment of a j , A j : j < sup n∈ω j n and suppose that Proof. Straightforward application of Claim 3.
Proof of Theorem 1. Notice that by Claim 4 the family
satisfies the assumptions of Lemma 2.
Following [G1] and [G2] we define the class AF C.
Definition 6.
A ∈ AF C iff for every set B ⊆ 2 ω for which there exists a 1-1 Borel measurable function f : B → A, we have that B ∈ AF C.
We need the following characterization (see [G2] Lemma 1).
Lemma 5. A ∈ AF C iff for every set B ⊆ 2 ω for which there exists a 1-1 continuous function f : B → A, we have that B ∈ MGR (meager sets).
In the next part we will prove the following theorem.
Theorem 2. Every AF C set belongs to the class AF C.
Proof. Before giving a proof of this theorem, we shall formulate the following auxiliary characterization of the AF C property.
The following conditions are equivalent:
Proof. 1. ⇒ 2. Let P ⊆ 2 ω be a perfect set for which X does not satisfy conditions from the definition of an AF C set. Then we put {Q n } n<ω to be equal to the clopen base of P .
Claim 5. If {Q n } n<ω is a sequence of perfect sets from 2 ω , then there exists a perfect set P ⊆ 2 ω such that ∀ n<ω ∃ t (Q n + t) ∩ P has a nonempty interior relative to P.
Proof. Obvious.
To prove 2. ⇒ 1. apply Claim 5 to the sequence {Q n } n<ω .
Y → X be 1 -1 and continuous. To obtain a contradiction, assume that Y ∈ MGR. Let {C n } n<ω be a clopen base of 2 ω . Put
For every m ∈ Λ choose a perfect set
Then, by Lemma 6,
Consider two cases:
Case 2.
Assume that
However this is a contradiction with (1).
Using this theorem and results from [NSW] , we obtain several interesting conclusions.
Conclusion 1. Every strongly first category subset of 2
ω is an AF C set.
Proof. From [NSW] we know that every strongly first category set is an AF C set.
Conclusion 2. Assume that X ⊆ 2 ω is a strongly first category set, f : Y → 2 ω is a Borel one-to-one function. Then the preimage f −1 [X] belongs to the class of AF C sets.
Proof. Every preimage of an AF C set by a Borel one-to-one function is an AF C set as well.
Conclusion 3. No uncountable Borel image of a Luzin set can be a strongly first category set.
be a one-to-one Borel function. We may assume that b is defined on 2 ω . We can find a meager set
is a strongly first category set. Using the definition of an AF C set, we see that L \ M is meager, so L is countable.
We conflate 2 ω × 2 ω with the space 2 ω via the standard homeomorphism. Recall that assuming Martin's Axiom one can find two AF C sets, say X, Y ⊆ 2 ω , such that their product X × Y is not an AF C set (I. Rec law). It is still an open question whether the existence of two such sets can be proved in ZF C only. On the other hand, the sharper class AF C has the property that the product of two AF C sets is again an AF C set (see [Z] ). We prove that (without any extra assumptions) the product of two AF C subsets of 2 ω is an AF C set, too.
Theorem 3. The product of two AF C sets is an AF C set.
Proof. We use Lemma 6. To obtain a contradiction assume that one can find a sequence {Q n } n<ω of perfect sets from 2 ω × 2 ω such that for every sequence {F m } m<ω of closed subsets from 2 ω × 2 ω we have
For every n ∈ C let , which is again a contradiction.
